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In ZF, i.e., Zermelo–Fraenkel set theory without the axiom of choice, the category Top
of topological spaces and continuous maps is well-behaved. In particular, Top has sums
(= coproducts) and products. However, it may happen that for families (Xi)i∈I and (Yi)i∈I
with the property that each Xi is homeomorphic to the corresponding Yi neither their
sums
⊕
i∈I Xi and
⊕
i∈I Y i nor their products
∏
i∈I Xi and
∏
i∈I Y i are homeomorphic. It
will be shown that the axiom of choice is not only suﬃcient but also necessary to rectify
this defect.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
In ZF, i.e., Zermelo–Fraenkel set theory without AC (the axiom of choice), the category Top of topological spaces and
continuous maps is well-behaved: The forgetful functor U : Top → Set is topological and thus U is adjoined and coad-
joined and Top is complete and cocomplete. Thus in particular Top has products and coproducts (= sums). Moreover, a full
isomorphism-closed subcategory A of Top is epireﬂective in Top (resp. in Haus, the full subcategory of Hausdorff spaces)
iff it is closed under the formation of products and subspaces (resp. closed subspaces). Cf. [2, Theorem 0.5]. Likewise A
is (mono)coreﬂective in Top iff it is closed under the formation of sums and quotients (and contains a non-empty space).
Unfortunately, the following statements concerning products and sums may fail:
Prod: If (Xi)i∈I and (Yi)i∈I are families of topological spaces such that each Xi is homeomorphic to the corresponding Yi ,
then
∏
i∈I Xi is homeomorphic to
∏
i∈I Y i .
Sum: This statement is obtained from Prod by replacing the products
∏
i∈I Xi and
∏
i∈I Y i by the sums
⊕
i∈I Xi and
⊕
i∈I Y i .
In this paper we will provide necessary and suﬃcient conditions for Prod resp. Sum resp. some variants of these to hold
true.
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Proposition 1.1. Equivalent are:
1. Prod.
2. AC, the axiom of choice.
Proof. (2) ⇒ (1) Obvious.
(1) ⇒ (2) Let (Xi)i∈I be a family of non-empty sets.
Case 1 (special): All Xi ’s are Dedekind-inﬁnite.1 Let a be an element not contained in
⋃
i∈I Xi . Form Yi = Xi ∪ {a}. Then for
each i ∈ I the discrete spaces Xi and Yi are homeomorphic. Since ∏i∈I Y i = ∅ condition (1) implies that ∏i∈I Xi = ∅.
Case 2 (general): All Xi ’s are non-empty. Then, for each i ∈ I , the set Zi = Xi × N is Dedekind-inﬁnite. Thus, by Case 1,∏
i∈I Zi = ∅. If ((xi,ni))i∈I is an element of this product, then (xi)i∈I is an element of
∏
i∈I Xi . Thus
∏
i∈I Xi = ∅. 
Remark 1.2. Since in the proof of Proposition 1.1 only discrete topologies were used, we may replace Prod in condition (1)
by any of the following:
Prod(discrete), i.e. Prod restricted to discrete spaces.
Prod(metrizable), i.e., Prod restricted to metrizable spaces.
Prod(unif), i.e., Prod restricted to uniform spaces.
Proposition 1.3. Equivalent are:
1. Prod(comp T2), i.e., Prod restricted to compact Hausdorff spaces.
2. AC.
Proof. (2) ⇒ (1) Obvious.
(1) ⇒ (2) Let (Xi)i∈I be a family of non-empty sets. Let K be a Dedekind-inﬁnite set with the following property:
(∗) K cannot be covered by a collection C = {Ci | i ∈ I} of ﬁnite sets, indexed by I.
By [7, Lemma 3.4] such a set exists. Assume that |K | |Xi| for each i ∈ I (by replacing, if necessary, each Xi by Xi × K
as in the proof of Proposition 1.1). Then, for each i ∈ I the sets Xi and Yi = Xi ∪ {0} have the same cardinality. Thus the
Alexandroff one-point compactiﬁcations X∗i = Xi∪{ai} and Y ∗i = Yi ∪{bi} of the discrete spaces Xi and Yi are homeomorphic.
By (1), there exists a homeomorphism
h :
∏
i∈I
X∗i →
∏
i∈I
Y ∗i .
Denote the projections of these products by πi , let q be the element of
∏
i∈I Y ∗i with πi(q) = 0 for each i ∈ I , and let
p = (pi) be the element of ∏i∈I X∗i with h(p) = q.
Claim. p ∈∏i∈I Xi .
Assume on the contrary that there exists some i0 ∈ I with pi0 = ai0 .
Deﬁne A = {(xi) ∈∏i∈I X∗i | xi0 ∈ Xi0 and xi = pi for i = i0}.
Then |A| = |Xi0 |  |K | and for each neighbourhood U of p in
∏
i∈I X∗i the set A\U is ﬁnite. Thus B = h[A] satisﬁes
|B| |K | and for each neighbourhood V of q in ∏i∈I Y ∗i the set B\V is ﬁnite. In particular each of the sets Ci = B\π−1i (0)
is ﬁnite. Since
B = B\{p} = B\
⋂
i∈I
π−1i (0) =
⋃
i∈I
Ci
and |K | |B| this contradicts (∗). Hence the claim is established, and so ∏i∈I Xi = ∅. 
Remark 1.4. Observe that it follows from the above proof (in ZF as well as in ZFC) that for each inﬁnite set I there exists a
set X such that the Ith power of the Alexandroff one-point compactiﬁcation of the discrete space X fails to be homogeneous.
In ZFC any X with |I| < |X | will do. For the latter result compare [1].
1 X is Dedekind-inﬁnite iff ℵ0  |X |. See, e.g., [3].
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1. CProd(comp T2), i.e., Prod restricted to countable families of compact Hausdorff spaces.
2. CC, i.e., AC restricted to countable families.
Proof. (1) ⇒ (2) Let (Xn)n∈N be a countable family of non-empty sets. Assume without loss of generality (cf. the proof of
Proposition 1.1) that every Xn is Dedekind-inﬁnite. Thus, for each n ∈ N, the sets Xn and Yn = Xn ∪ {0,1} have the same
cardinality. Consequently the Alexandroff one-point compactiﬁcations X∗n = Xn ∪ {an} and Y ∗n = Yn ∪ {bn} of the discrete
spaces Xn and Yn are homeomorphic. Thus, by CProd(comp T2) there exists a homeomorphism
h :
∏
n∈N
X∗n →
∏
n∈N
Y ∗n .
The space B = {0,1}N is a subspace of ∏n∈N Y ∗n which is homeomorphic to the Cantor-space. Thus A = h−1[B] is a
subspace of
∏
n∈N X∗n which is homeomorphic to the Cantor-space and thus uncountable, but contains a countable dense
subset D = {dn | n ∈N}. For each m ∈N, the closed subspace
Cm =
∏
nm
X∗n ×
∏
n>m
{an}
of
∏
n∈N X∗n has the property that the closure of every countable subset of Cm is again countable. Consequently, for each
m ∈ N, the set {n ∈ N | dn /∈ Cm} is non-empty and hence contains a smallest member n(m). Denote by πn :∏k∈N X∗k → X∗n
the nth projection and deﬁne a map f :N→N by
f (m) =min{n ∈N ∣∣m < n and πn(dn(m)) = an}.
Then { f n(0) | n ∈ N} is an inﬁnite subset of N. Since for each m, we have π f (m)(dn(m)) ∈ X f (m) , the inﬁnite prod-
uct
∏
n∈N X f n(0) is non-empty. Thus PCC, the axiom of partial countable choice, and consequently (see, e.g., [3, Theo-
rem 2.12(3)]), CC hold.
(2) ⇒ (1) Obvious. 
Remarks 1.6.
1. The implication Prod(comp T2) ⇒ CProd(comp T2) is a proper one, since Prod(comp T2) implies AC(ﬁn) (see Proposi-
tion 1.7 below), and in Shelah’s Second Model CC holds but AC(ﬁn) fails (see [4, model M38] or [3, p. 164]).
2. CProd(comp T2) is not implied by PIT, the Boolean prime ideal theorem, since in Cohen’s First Model PIT holds but CC
fails (see [5, model M1] or [3, page 166]).
Proposition 1.7. Equivalent are:
1. Prod(ﬁn), i.e. Prod restricted to ﬁnite spaces.
2. Prod(ﬁn T2), i.e. Prod restricted to ﬁnite Hausdorff spaces.
3. AC(ﬁn), i.e., AC restricted to ﬁnite sets Xi .
Proof. (2) ⇒ (3) Let (Xi)i∈I be a family of non-empty ﬁnite sets Xi . For each i ∈ I , let n(i) be the number of elements in Xi ,
and let Yi be the discrete space with underlying set {1,2, . . . ,n(i)}. Then, for each i ∈ I , the discrete spaces with underlying
sets Xi and Yi are homeomorphic. Since
∏
i∈I Y i = ∅ – obviously the point (1)i∈I belongs to
∏
i∈I Y i – condition (1) implies
that
∏
i∈I Xi = ∅.
(3) ⇒ (1) ⇒ (2) Obvious. 
Proposition 1.8. Equivalent are:
1. CProd(ﬁn), i.e., Prod restricted to countable families of ﬁnite spaces.
2. CC(ﬁn), i.e., countable products of non-empty ﬁnite sets are non-empty.
3. CTych(ﬁn), i.e., countable products of ﬁnite Hausdorff spaces are compact.
4. CBaire(ﬁn), i.e., countable products of ﬁnite Hausdorff spaces are Baire.
Proof. (1) ⇔ (2) Follows as in the proof of Proposition 1.7.
(2) ⇔ (3) See [8].
(3) ⇔ (4) See [4, Theorem 1.1]. 
Remark 1.9. Further equivalent conditions to CC(ﬁn) and hence to CProd(ﬁn) can be found in [4,5,9]. Cf. [6] also.
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1. AC(n), i.e., products of non-empty sets with at most n points each are non-empty.
2. If (Xi)i∈I and (Yi)i∈I are families of topological spaces with n points each, and, for each i ∈ I , Hi is a non-empty set of homeomor-
phisms Xi → Yi , then∏i∈I Hi = ∅.
Proof. We proceed by induction.
(1) For n = 0 and n = 1 the implication holds trivially.
(2) Assume that the implication holds for n, that AC(n+ 1) holds, that (Xi)i∈I and (Yi)i∈I are families of topological
spaces with n + 1 points each and that for each i ∈ I , Hi is a non-empty set of homeomorphisms Xi → Yi . Let (xi)i∈I be an
element of
∏
i∈I Xi . Then, for each i ∈ I , the set Zi = {y ∈ Yi | ∃h ∈ Hi, h(xi) = y} is non-empty. Let (yi)i∈I be an element
of
∏
i∈I Zi . Consider the subspaces X∗i = Xi\{xi} resp. Y ∗i = Yi\{yi} of Xi resp. Yi . Each of these has precisely n elements.
Moreover, by construction, for each i ∈ I , the set Ki of all restrictions hi |Y
∗
i
X∗i
of elements hi ∈ Hi with hi(xi) = yi is non-
empty. Since AC(n+ 1) implies AC(n) and the implication (1) ⇒ (2) holds for n, we obtain ∏i∈I Ki = ∅. Let (ki)i∈I be an
element of
∏
i∈I Ki . If we deﬁne for each i ∈ I , a map
hi : Xi → Yi by h(x) =
{
yi, if x = xi,
ki(x), otherwise,
then (hi)i∈I ∈∏i∈I Hi . 
Corollary 1.11. If for some n ∈N, AC(n) holds and if (Xi)i∈I and (Yi)i∈I are families of topological spaces with n points each such that
each Xi is homeomorphic to Yi , then there exists a family (hi)i∈I of homeomorphisms hi : Xi → Yi .
Corollary 1.12. If, for some n ∈N, AC(n) holds and if (Xi)i∈I and (Yi)i∈I are families of topological spaces with at most n points each
such that each Xi is homeomorphic to Yi , then there exists a family (hi)i∈I of homeomorphisms hi : Xi → Yi .
Proof. For each natural number m with m n consider the set
I(m) = {i ∈ I ∣∣ |Xi| =m}.
An application of Corollary 1.11 to each of the families (Xi)i∈I(m) and (Yi)i∈I(m) yields the desired result, since the set
{m ∈N |m n} is ﬁnite. 
Corollary 1.13. If for some n ∈ N, CC(n), i.e., the restriction of AC(n) to countable families, holds, and if (Xi)i∈I and (Yi)i∈I are
countable families of topological spaces with at most n points such that each Xi is homeomorphic to Yi , then there exists a family
(hi)i∈I of homeomorphisms hi : Xi → Yi .
Proof. Immediate from the preceding proofs. 
Remark 1.14. The above Lemma 1.10 and its corollaries generalize Lemma 2.4 of [4].
Proposition 1.15. For each positive natural number n the following statements are equivalent:
1. CProd(n), i.e. Prod restricted to countable families of spaces Xi with at most n points.
2. CC(n).
3. CTych(n+ 1), i.e., countable products of Hausdorff spaces with at most n + 1 points are compact.
4. CBaire(n+ 1), i.e., countable products of Hausdorff spaces with at most n+ 1 points are Baire.
Proof. (1) ⇒ (2) Follows as in the proof of Proposition 1.7.
(2) ⇒ (1) Immediately from Corollary 1.13.
(2) ⇔ (3) ⇔ (4) See [4, Theorem 2.5]. 
Remark 1.16. CProd(2) fails in Cohen’s second model. See [5]. Moreover, for every prime number p = n + 1 there exists a
ZF-model in which CProd(n) holds but CProd(n+ 1) fails. See [10] and the above Proposition 1.15.
2. Sums
Proposition 2.1. Equivalent are:
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2. Sum(metrizable), i.e. Sum restricted to metrizable spaces.
3. Sum(compactT2), i.e. Sum restricted to compact Hausdorff spaces.
4. AC.
Proof. The implications (4) ⇒ (1), (1) ⇒ (2) and (1) ⇒ (3) are obvious.
(3) ⇒ (4) Let (Xi)i∈I be a family of pairwise disjoint non-empty sets. Then the sets Yi = Xi × N are pairwise disjoint
and Dedekind-inﬁnite. Form disjoint sets Zi = Yi ∪ {zi} by adding a new element zi to each Yi . Then, for each i ∈ I , there
exists a bijection
hi : Yi → Zi .
Consider the Yi ’s and the Zi ’s as discrete spaces, let (0,1] be the half-closed real interval with its usual topology, and let
the sets Yi × (0,1] and Zi × (0,1] carry the corresponding product topologies. Then the maps
gi = hi × id : Yi × (0,1] → Zi × (0,1]
are homeomorphisms. For each i ∈ I let Y ∗i = (Yi ×(0,1])∪{ai} resp. Z∗i = (Zi ×(0,1])∪{bi} be the Alexandroff compactiﬁca-
tions of the locally compact spaces Yi × (0,1] resp. Zi × (0,1]. Then the gi ’s can be extended uniquely to homeomorphisms
f i : Y ∗i → Z∗i
by deﬁning f i(ai) = bi .
Thus the condition (3) implies that there exists a homeomorphism
f :
⊕
i∈I
X∗i →
⊕
i∈I
Z∗i .
Since the Y ∗i ’s resp. the Z
∗
i ’s are precisely the components of
⊕
i∈I Y ∗i resp. of
⊕
i∈I Z∗i , there exists a bijection h : I → I
such that f [Y ∗i ] = Z∗h(i) for each i ∈ I . Since, moreover, the points ai resp. bi are characterized by the fact that their removal
partitions the remainder of Y ∗i resp. of Z
∗
i into inﬁnitely many components, we conclude that f (ai) = bh(i) for each i ∈ I .
Thus, for each i ∈ I , there exists a unique element (yi, ri) of Yi × (0,1] with f (yi, ri) = (zh(i),1). For each i ∈ I , let πi : Yi →
Xi be the ﬁrst projection.
Then xi = πi(yi) is a distinguished element of Xi .
(2) ⇒ (4) The proof of this implication parallels the proof of the implication (3) ⇒ (4), except that the sets Y ∗i and Z∗i
carry the hedgehog topologies, i.e., in particular that a subset A of Y ∗i is open iff the following two conditions are satisﬁed:
• If ai ∈ A, then there exists some r ∈ (0,1] with (Yi × (0, r)) ⊂ A.
• If (y, r) ∈ A, then there exists a neighbourhood U of r in (0,1] with ({y} × U ) ⊂ A. 
Proposition 2.2. Equivalent are:
1. Sum(ﬁn), i.e., Sum restricted to ﬁnite spaces.
2. AC(ﬁn), i.e. AC restricted to ﬁnite sets.
Proof. (1) ⇒ (2) Let (Xi)i∈I be a family of non-empty ﬁnite sets Xi . For each i ∈ I let n(i) be the number of elements in Xi .
Construct homeomorphic spaces Yi and Zi as follows:
(a) Form pairwise disjoint sets Yi = Xi ∪ {ai} by adding a new element ai to each set Xi . Call a subset A of Yi open iff it
satisﬁes the following condition:
• If ai ∈ A, then A = Yi .
(b) Call a subset A of Zi = {0,1, . . . ,h(i)} open iff it satisﬁes the following condition:
• If 0 ∈ A, then A = Zi .
The remaining part of the proof parallels that of the implication (3) ⇒ (1) in the above Proposition 2.1, taking account of
the fact that each of the sets Zi\{0} has a distinguished element, namely 1.
(2) ⇒ (1) Obvious. 
Proposition 2.3. Equivalent are:
1. CSum(ﬁn), i.e., Sum restricted to countable families of ﬁnite spaces.
2. CC(ﬁn), i.e., AC restricted to countable families of ﬁnite sets.
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4. CBaire(ﬁn), i.e., countable products of ﬁnite Hausdorff spaces are Baire.
Proof. The equivalence of conditions (1) and (2) follows as in the proof of Proposition 2.2. The remaining part of the proof
follows from Proposition 1.8. 
Proposition 2.4. For each positive natural number n the following statements are equivalent:
1. CSum(n), i.e., Sum restricted to countable families of topological spaces with at most n points.
2. CC(n).
3. CTych(n+ 1).
4. CBaire(n+ 1).
Proof. (1) ⇒ (2) Assume that (2) fails. Then there exists a sequence (Xm)m∈N of non-empty sets with cardinality |Xm| =
c(m)  n such that
∏
m∈N Xm = ∅. This implies that the disjoint union
⋃
m∈N· Xm is not countable. On the other hand, if
Ym = {1,2, . . . , c(m)}, then ⋃m∈N· Ym is countable. Thus, for each m, the discrete spaces Xm and Ym are homeomorphic, but
the sums
⊕
m∈N Xm and
⊕
m∈N Ym are not. Thus (1) fails.
(2) ⇒ (1) Immediate from Corollary 1.13.
(2) ⇔ (3) ⇔ (4) See [4, Theorem 3.5]. 
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